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Abstract
This paper analyzes the formation of a general rate of profit and the subsequent prices of 
production in the context of Marx’s two-sector scheme of expanded reproduction. We show 
that a consistent solution of the transformation problem can be derived by incorporating the 
original transformation procedure into the inter-temporal equilibrium framework provided by 
the scheme of accumulation. Previous solutions for the special case of simple reproduction are 
also examined, and it is shown that all these solutions rest on the restrictive assumption of 
constant wage rates.
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1. Introduction

The main purpose of this paper is to identify the system of equations underlying Marx’s scheme 
of expanded reproduction and, on this basis, to analyze the consequences of relaxing the original 
assumption that commodities are exchanged according to their values instead of their prices of 
production. As a result of this analysis, we are able to provide an internally consistent solution of 
the so-called transformation problem, which allows us to assess the influence of the formation of 
a general (uniform) rate of profit on the behavior of Marx’s model. In strong contrast with the 
long tradition in the analysis of this subject, the solution provided in this paper does not rest on 
the restrictive assumption of constant (nominal and/or real) wage rates, as adopted by the bulk of 
related literature.

The crudest version of this assumption was originally proposed by Ladislaus von Bortkiewicz 
(1984: 212): “For the sake of simplicity it is assumed that the capitalists advance consumption 
goods in natura so that the workers take no direct part in commodity exchanges.” The crucial role 
of such a simplification was incisively stressed by Paul Samuelson (1970: 425) in his “summary” 
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of Bortkiewicz’s solution: “(1) Write down the value relations; (2) take an eraser and rub them 
out; (3) finally write down the price relations—thus completing the so-called transformation 
process. The present elucidation should not rob Marx of esteem in the eyes of those who believe 
a subsistence wage provides valuable insights into the dynamic laws of motion of capitalism.”

In this short but no less brilliant piece of analysis, Samuelson shows that given technology and 
the wage rate, an equilibrium rate of profit can be determined on the sole basis of supply-demand 
relations. Contrariwise, the argument developed in this paper is confined to the reverse case: 
given technology and the rate of profit, an equilibrium wage rate can be determined on the sole 
basis of supply-demand relations. It follows from this argument that what value relations really 
give us is just a way to determine the rate of profit by constraining supply-demand relations. On 
this basis, as will be shown in this paper, the transformation problem can be solved in the sense 
of transforming both input and output values while maintaining Marx’s aggregate equalities.1

The formalization proposed in the paper is aimed at replicating Marx’s key numerical exam-
ples in chapter 21 of volume II of Capital. These examples were the object of analysis and debate 
from the outset2; however, no comprehensive mathematical treatment of these examples appeared 
until the illuminating work by Donald Harris (1972) provided, for the first time, a formal analysis 
of Marx’s inter-temporal equilibrium framework. On examining these examples, it has been use-
ful to make the temporal dimension of the variables explicit by using superscript t as a given 
period, t-1 as the previous period, and so forth.3

In the following sections, Marx’s model is built by first assuming that commodities are 
exchanged at their actual values, or labor-values expressed in monetary units. The formation of 
a general rate of profit is then considered by incorporating the subsequent prices of production 
into the equilibrium framework underlying the model, which is constrained in turn by imposing 

1The conceptual framework outlined by Duncan Foley (1982) may be somewhat used to avoid Samuelson’s 
criticisms, because in such a framework the value of labor-power is not necessarily given by any pre-
determined bundle of subsistence goods. According to Foley (ibid.: 43), this traditional interpretation short-
circuits the relation between the value of labor-power and the “value of money,” and thus “makes money 
disappear as a mediating element in the situation.” In the context of the transformation problem, this inter-
pretation leads to the assumption that both nominal wage rate and rate of surplus-value—defined as the 
ratio of a division of value added between capitalists and workers—remain invariant in the transformation 
process, an approach first outlined by David Laibman (1973: 420-21). See also Lipietz (1982) and Duménil 
(1983-84). Instead of erasing labor-market relations in the formation of the price of labor-power, as the tra-
ditional point of view in fact does, the new interpretation indeed involves labor-market relations, although 
the nominal wage rate—in strong contrast with any other commodity price—remains unchanged in the 
transformation process.
2These examples were first explored, in different directions, by M. Tugan-Baranowsky, R. Luxemburg, N. 
Bukharin, O. Bauer, and H. Grossmann, among other authors. Sweezy (1970: ch. XI) provides an appraisal 
of these and other early commentators of Marx’s theory of accumulation. For a more detailed discussion, 
see Rosdolsky (1977: ch. 30) and Mandel (1992).
3Although the system of equations proposed in this paper has its roots in Marx’s own analysis of expanded 
reproduction, it shares an important aspect of the “iterative approach” to the transformation problem, first 
outlined by Bródy (1974) and independently explored by Morishima (1977) and Shaikh (1977); namely, 
that the transformation method does not necessarily prevent the differentiation over time between input 
prices and output prices. It should be noted that any algorithm of the (convergent) iterative method yields 
mere numerical approximations to the pre-determined solution of a system of simultaneous equations. 
However, since these algorithms are implemented by mean of a system of finite-difference equations, the 
real meaning of the sequence of “intermediate outcomes” generated by the system remains largely unclear 
in the iterative approach. In contrast, the system of equations proposed in this paper is not constrained by 
any pre-determined simultaneous solution; moreover, as we will see later in detail, the entire sequence of 
economic outcomes generated by the system can be explained in terms of an explicit process of capital 
transfers.
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the two compensation conditions proposed in chapter 9 of volume III of Capital; namely, the sum 
of prices is equal to the sum of values, and the sum of profits is equal to the sum of surplus-value. 
The sequential solution obtained in this way is finally compared with those previously proposed 
by Bortkiewicz (1952, 1984), who derives prices from values in the special case of simple repro-
duction by making use of a set of assumptions that greatly differ from those adopted by Marx.4

The paper assumes that the scheme of expanded reproduction constitutes a natural way to deal 
with the quantitative analysis of capital accumulation developed by Marx. This approach was 
first proposed by Henryk Grossmann (1992), and is discussed in detail by Lapides (1982) and 
Kuhn (2007: ch. 5). Of course, there are various interpretations of Marx’s text. In particular, Fred 
Moseley (1997: 182) argues that “the main purpose of Marx’s reproduction tables was to refute 
Smith’s dogma, the erroneous view that the total price of the total social product is entirely 
resolved into revenue.” See also Freeman (1984: 262). However, the detailed discussion pro-
vided by Professor Moseley only tells us that the scheme can be used (and was really used by 
Marx) to assess Adam Smith’s doctrine, among many other things, but this fact does not neces-
sarily mean that it is the “most significant” feature of the scheme. Fortunately, the analysis of the 
mathematical structure of the scheme can be addressed quite apart from the issue of Marx’s origi-
nal intentions.5

2. Marx’s Two-sector Scheme of Expanded Reproduction

This scheme refers to a private, closed economy in which credit-money and fixed capital are 
initially excluded from the account. A primary classification of commodities according to their 
use would rest on the distinction between two sectors or departments: commodities annually 
produced in order to produce other commodities (means of production) are allocated in depart-
ment I; while those intended to directly satisfy individual needs (means of consumption) are 
allocated in department II. All the relevant magnitudes are expressed in terms of monetary value 
aggregates, and as such can provide only the conditions for aggregate equilibrium; hence, physi-
cal quantities are merely implicit, and do not form part of the defining problem. On the other 
hand, economic relations between industries can be formalized in terms of a system of finite-
difference equations.

For the jth department (j = 1, 2), the nominal supply of commodities in the current period (Dj
t) 

is broken down by Marx into three parts,

D C V Sj
t

j
t 1

j
t 1

j
t= + +− −

where Cj
t-1 represents the amount of money necessary to replace the means of production used up 

in the current period of production, or advanced constant capital (non-labor cost); Vj
t-1 represents 

the amount of money necessary to renew the labor-power employed, or advanced variable capi-
tal (labor cost); and Sj

t represents the current expected profit, calculated as the difference between 
the value of supplied commodities and their total costs, or surplus-value. The time superscripts 

4For Bortkiewicz, the method of transformation proposed by Marx is not only largely unjustified, but 
also utterly incapable of providing a coherent calculation of prices of production and the rate of profit. 
Moreover, Marx’s schemes are seen by Bortkiewicz as a merely simplified way to deal with the “physical-
surplus” analysis, first outlined by Dimitriev (1974) and later developed by Seton (1957), Sraffa (1963), and 
Morishima and Seton (1961), among other authors.
5Due to the lack of space, no formal solution is provided here of the systems of equations presented in 
the paper. However, for the reader interested in the mathematical details of these models, we have created 
several files with the program Wolfram Mathematica, which are at the disposal of the reader upon request 
to the authors.
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are intended to capture the assumption that both constant and variable capital are pre-determined 
variables, whose values are therefore known before the current period of production takes place, 
while the surplus-value is only known after production itself has been effectively created.

According to Marx, commodities are supposed to exchange at their actual values when  
surplus-value is proportional to advanced variable capital; that is,

S eVj
t

j
t 1= −

where the parameter e is the rate of surplus-value.6 This rate indexes the “degree of exploitation” 
of the social class of wage earners, and is given by the ratio of “surplus-labor” (unpaid labor) to 
“necessary-labor” (paid labor), which essentially arises from the process of production (cf. Marx 
1976: 320-329).

2.1. Dynamic general equilibrium

Due to the parametric nature of the rate of surplus-value, it is possible to re-write sectoral sup-
plies of commodities in terms of a given “mark up” over their labor costs; that is,

D C V e1
t

1
t 1

1
t 1 1 department I= + +( ) ( )− −

 (1)

D C V e2
t

2
t 1

2
t 1 1 department II= + +( ) ( )− −

 (2)

Equilibrium in the market of means of production is reached when the supply given by equation 
(1) is equal to the current demand of department I’s output, which is given in turn by the total 
requirements of capital-goods from all industries in the following period of production, Ct ≡ C1

t 
+ C2

t. These outlays involve both the demand required to maintain the scale of production 
unchanged, Ct-1, and that which is intended to expand this scale, or constant capital accumula-
tion, that is gc

t Ct-1, where gc
t is the growth rate of aggregate constant capital. Hence,

D C V e C g C1
t t

1
t 1

2
t 1

c
t t 1or 1  = +( ) = +− − −

 (3)

The second expression in equation (3) can be derived as follows: D1
t = Ct ⇒ C1

t-1 + V1
t-1 (1+e) = 

Ct-1 + gc
t Ct-1 ⇒ C1

t-1 + V1
t-1 (1+e) = C1

t-1 + C2
t-1 + gc

t Ct-1, and by erasing C1
t-1 in the last expres-

sion the above equation is easily obtained. This equilibrium equation (see Sweezy 1970: 176-77; 
Harris 1972: equation (14), p. 512) entails simple reproduction as a special case. In effect, if capi-
tal growth rates are set to zero, then equation (3) reduces to V1

t-1 + V1
t-1 e = C2

t-1, for which net 
output (value added) of department I should be equal to department II’s constant capital in any 
period (cf. Marx 1992: 478).

The current nominal demand for department II’s output is given, on the other hand, by the part 
of the aggregate income that is eventually assigned by both workers and capitalists to their 

6“Let us assume to start with that all commodities in the various spheres of production were sold at their 
actual values. What would happen then? According to our above arguments very different rates of profit 
would prevail in the various spheres of production…. If capitals that set in motion unequal quantities of liv-
ing labour produce unequal amounts of surplus-value, this assumes that the level of exploitation of labour, 
or the rate of surplus-value, is the same, at least to a certain extent, or that the distinctions that exist here 
are balanced out by real or imaginary (conventional) grounds of compensation. This assumes competition 
among the workers, and an equalization that takes place by their constant migration between one sphere of 
production and another” (Marx 1991: 275).
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personal consumption, that is Vt + (1– αt) St, where αt is the average saving rate. In this way, it is 
assumed that the workers do not save at all, since their demand for consumption is given by the 
total (pre-paid) nominal wages, Vt ≡ V1

t + V2
t. These outlays are derived from the overall demand 

for labor-power by the capitalists, which is, in turn, comprised of the demand required to main-
tain the scale of production unchanged, Vt-1, and the demand intended to expand this scale, or 
variable capital accumulation, that is gv

t Vt-1, where gv
t is the growth rate of aggregate variable 

capital. Since variable capital is here an index of employment level, this rate also measures 
employment growth; however, it must be supposed that the supply of labor-power is sufficient to 
satisfy a growing demand (cf. Marx 1992: 577). The demand for consumption by the capitalists 
is given, on the other hand, by the fraction of aggregate surplus-value (St ≡ S1

t + S2
t) that is not 

saved, (1–αt) St. Thus, equilibrium in the market of means of consumption is given by

D V S C V e V g V2
t t t t

2
t 1

2
t 1 t 1

v
t t 1 t 1  or 1   1  = + −( ) + +( ) = + + −(− − − −α α )) −V et 1

 (4a)

Although equation (4a) can be perfectly used in formalizing Marx’s model, it is possible to use 
instead the saving function which is implicit in equilibrium equations (3) and (4a). In effect, taking 
into account that Vt = V1

t + V2
t by definition, and plugging equation (3) in (4a), yields

α t t 1
c

t t 1
v

t t 1V e g C g V− − −= +  (4b)

This equation imposes that aggregate saving (αt Vt-1 e) is equal to aggregate investment, given in 
turn by the sum of accumulated constant capital (gc

t Ct-1) and accumulated variable capital (gv
t 

Vt-1). The fact that Say’s law is satisfied in Marx’s scheme is not therefore an assumption by itself, 
but rather a consequence of the assumption of general equilibrium (cf. Should 1957: 616).

2.2. Restrictions on sectoral savings

Formally speaking, it is possible to treat the set of equations (1) to (4) as a system of finite- 
difference equations in which predetermined variables (C1

t-1, C2
t-1, V1

t-1, and V2
t-1) enter as data 

with respect to the current period, while current variables (D1
t, D2

t, gc
t, gv

t, and αt) are treated as 
unknowns. On this basis, it would be possible to solve such a system recursively by starting from 
given initial values of predetermined variables and known values of parameters, if certain suit-
able restrictions on the capitalists’ saving schedule were imposed.

The assumption that commodities exchange at their actual values presupposes that the  
surplus-value generated in each department cannot be invested or accumulated in any other 
department. This fact has two basic consequences on the specification of Marx’s model: (i) the 
capitalists’ saving must be equal to the amount of capital accumulated in the interior of each 
department; and (ii) the rate of profit may be unequal between departments. In this section, we 
deal with the first of these two consequences, leaving the analysis of differentiation in profitabil-
ity to be addressed in the subsequent section.

The imposition of Say’s law to departments I and II can be expressed by means of the follow-
ing equations,

α1
t

1
t 1

c1
t

1
t 1

v1
t

1
t 1V e g C g V− − −= +  (5)

α2
t

2
t 1

c2
t

2
t 1

v2
t

2
t 1V e g C g V− − −= +  (6)
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See Harris (1973: equations (9) and (10), p. 511). Here α1
t and α2

t stand for sectoral saving rates, 
gc1

t and gc2
t are sectoral growth rates of constant capital, and finally gv1

t and gv2
t are sectoral 

growth rates of variable capital. In all cases, numerical subscripts (1, 2) refer to departments I and 
II, respectively. On the other hand, both accumulated constant capital and accumulated variable 
capital for the economy seen as a whole can be expressed in terms of their corresponding sectoral 
rates of accumulation; hence,

g C g C g Cc
t t 1

c1
t

1
t 1

c2
t

2
t 1− − −= +  (7)

g V g V g Vv
t t 1

v1
t

1
t 1

v2
t

2
t 1− − −= +  (8)

These two equations (see Harris 1972: equations (11) and (12), p. 511) are necessary in order to 
link sectoral saving rates with the overall saving rate, αt, which thereby becomes a weighted aver-
age of α1

t and α2
t. The augmented system of equations (1) to (8) now has eleven unknowns: the 

aforementioned five unknowns plus six new current variables: α1
t, α2

t, gc1
t, gc2

t, gv1
t, and gv2

t. 
Therefore, it is necessary to incorporate three additional independent equations to close the sys-
tem. One of these equations can be provided by imposing additional restrictions on the capital-
ists’ saving schedule; in this regard, Marx’s own proposal consists simply of parameterizing the 
saving rate of department I, that is,

α α1
t

1 =  (9)

where α1 is a mere parameter. This restriction means that the capitalists’ saving schedule is exog-
enous and, therefore, non-sensitive to changes in profit rates. An alternative restriction would be 
to assume instead a uniform saving rate across industries, that is, α1

t = α2
t, thereby rendering 

sectoral savings sensitive to changes in profit rates without essentially altering the mathematical 
structure of Marx’s model.

2.3. Profitability and composition of capital

For the jth department, the organic composition of capital, which indexes the level of the produc-
tivity of labor, is defined as the ratio of constant to variable capital, πj

t-1 = (Cj
t-1/Vj

t-1), while the 
rate of profit is defined as the ratio of surplus-value to total advanced capital, rj

t = Sj
t / (Cj

t-1 + 
Vj

t-1). It follows from these definitions that sectoral rates of profit can be expressed solely in 
terms of sectoral organic compositions and the rate of surplus-value, that is,

r V e C V et t t t
1 1

1
1

1
1

1 1= +( ) = +− − − −/ / ( )  1
t 1π

 (10)

r V e C V et t t t
2 2

1
2

1
2

1 1= +( ) = +− − − −/ / ( )  2
t 1π

 (11)

Consequently, the rate of return on aggregate advanced capital, called by Marx the average rate 
of profit, is given by

r r C V C V r C V Ca
t t t t t t t t t t= +( ) +( ) + +( )− − − − − − −     1 1

1
1

1 1 1
2 2

1
2

1/ / 11 1

1 1 1 1

+( )
= +( ) = +

−

− − − −

 

 t 1

V

V e C V e

t

t t t/ / ( )π
 

(12)
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where πt-1 = Ct-1/Vt-1 is the organic composition of aggregate capital. In equation (12), ra
t is 

expressed as a weighted average of sectoral profit rates, weights being the relative sizes of sec-
toral capitals on aggregate capital. In this way, all industries contribute equivalently to the forma-
tion of the average rate of profit. Seen as a whole, ra

t depends only on the composition of 
aggregate capital and the rate of surplus-value. Thus, if the productivity of labor of a given 
department is greater than that of the whole economy, πj

t-1 > πt-1, then the rate of profit of such a 
department is forcibly smaller than the average, rj

t < ra
t, and vice versa; that is, if πj

t-1 < πt-1 then 
rj

t > ra
t. Finally, for any department exhibiting the composition of aggregate capital, πj

t-1 = πt-1, the 
profit rate should be equal to the average, rj

t = ra
t.

The system of equations (1) to (9) can now be extended by incorporating profit rates r1
t, r2

t, 
and ra

t. However, these current variables are unknowns in equations (10), (11), and (12), respec-
tively. Therefore, the augmented system of equations (1) to (12) must be completed by adding two 
independent equations without holding additional unknowns. Marx’s basic proposal in this con-
text is to parameterize the growth path of sectoral organic compositions, which depends mainly on 
the allocation of resources made by the capitalists of each department; hence,

a g g1 v1
t

c1
t=  (13)

a g g2 v2
t

c2
t=  (14)

Here, parameters a1 and a2 determine the type of technical change implemented in the two depart-
ments; for this reason we call them (sectoral) coefficients of technical change. If the organic 
composition of the jth department suffers an increase (aj > 1) or a decrease (aj < 1), then there is, 
respectively, labor-saving or capital-saving technical change. Finally, the constancy of the organic 
composition (aj = 1) may be interpreted as the absence of technical change. Although technical 
change is exogenous in Marx’s model, the coefficient of technical change of the economy (at) 
must be treated endogenously; thus,

a g gt
v

t
c

t=  (15)

The coefficient at depends not only on the growth of sectoral organic compositions π1
t-1 and π2

t-1, 
but also on the level of saving rate of department I given by equation (9); hence, at may eventu-
ally differ from unity even in the case in which a1 and a2 are set to 1. With the incorporation of 
this coefficient, the system of actual values is finally completed, since it now has fifteen unknowns 
and fifteen independent equations.

3. Exchange of Commodities at Their Prices of Production

The dynamic system formed by equations (1) to (15) rests on a crucial restriction, since the 
exchange at actual values forcibly prevents any transfers of surplus-value between sectors even 
though they may yield different rates of profit. To the contrary, the profit-maximizing behavior 
of firms’ owners, in the absence of decisive obstacles to free competition between industries, will 
tend to eliminate any sustained difference between sectoral profit rates and the average rate of 
profit or, in other words, it will yield a general rate of profit (cf. Marx 1991: 252).

At this point, it is necessary to consider a few new concepts. To begin with, the cost-price of 
any set of commodities produced in a certain period of time (say, the natural year) is given by the 
sum of prices of the labor-power employed and the capital-goods used up in their production. In 
general, the cost-price will not be equal to the capital advanced in the same period of time, due 
to eventual differences in the time of turnover of capital. The clearest example is given by fixed 
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capital, whose turnover time is typically greater than the annual period of production, and there-
fore the cost-price of the commodities produced with fixed capital involves only the consumption 
of fixed capital instead of its entire price.

However, Marx’s scheme is built under the assumption that turnover time of capital is the 
same in all industries and is equal to the period of reference, which excludes, by definition, any 
outlays on fixed capital. Thus, in this purely circulating-capital model, the jth cost-price in terms 
of actual values is given by

K C Vj
t 1

j
t 1

j
t 1 − − −= +( )

As a consequence, the actual value of the jth department’s output can be expressed in terms of a 
certain “mark-up” over its total cost-price; that is,

D K rj
t

j
t 1

j
t1 = +( )−

The fact that transfers of surplus-value between departments tend to cancel out any sustained 
difference in sectoral profit rates leads directly to the notion of price of production, which can be 
defined as the price of the commodity that, whatever the composition of capital advanced for its 
production may be, yields the general rate of profit, rt (cf. Marx 1991: 257). It follows from this 
definition that the price of production of the jth department’s output is given by

P K rj
t

pj
t 1 t1 = +( )−

where Kpj
t-1 represents the jth cost-price when commodities are sold at their prices of production 

instead of their actual values. Consequently, there are two potential sources of divergence 
between sectoral prices (Pj

t) and sectoral values (Dj
t). First, sectoral average profit, Gj

t = rt Kpj
t-1, 

can differ from surplus-value, Sj
t = rj

t Kj
t-1, because sectoral profit rates can differ from the gen-

eral rate of profit, that is rj
t ≠ rt. Second, cost-prices can differ on their own, Kpj

t-1 ≠ Kj
t-1, since 

production prices can differ from actual values in any period (cf. Marx 1991: 308-9). Note that 
cost-prices Kpj

t-1 and Kj
t-1 are only divergent due to differences in price of the same amounts of 

input, which are assumed to be given; hence,

K m C m Vpj
t 1

c
t 1

j
t 1

v
t 1

j
t 1 − − − − −= +

where mc
t-1 and mv

t-1 are indices of (constant and variable) cost-price deviation. These indices 
measure the variation in price of capital-goods and labor-power between the two regimes, i.e. the 
variation in the production price of each type of input with respect to its actual value. In this way, 
if the production price of any such input is greater (smaller) than its value, then the corresponding 
cost-price index is greater (smaller) than unity, while if mc

t-1 = 1 = mv
t-1, then Kpj

t-1 = Kj
t-1.

3.1. General equilibrium under prices of production

On this basis, it is not difficult to formalize Marx’s two-sector scheme of expanded reproduction 
under the assumption that commodities exchange at their prices of production. To begin with, 
departments’ supplies of commodities evaluated at their prices of production are given by

P m C m V rc v1
t t 1

1
t 1 t 1

1
t 1 t  1  department I= +( ) +( ) ( )− − − −

 (16)
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P m C m V rv2
t

c
t 1

2
t 1 t 1

2
t 1 t     department II= +( ) +( ) ( )− − − − 1

 (17)

Here mc
t-1 and mv

t-1 index the deviation in input prices, while the deviation in output prices is 
indexed instead by (P1

t/D1
t) and (P2

t/D2
t) for departments I and II, respectively. As the notation 

makes clear, input prices refer to period t-1 and output prices to period t in the two regimes. As a 
consequence, it is perfectly possible that mc

t-1 ≠ (P1
t/D1

t). On the other hand, it must be borne in 
mind that the price of the labor input is not necessarily the same as the output price of department 
II or any given sub-division of this department; therefore, in general, not only mv

t-1 ≠ (P2
t/D2

t), 
but also mv

t ≠ (P2
t/D2

t). It follows from this formalization that both nominal and real wages are 
allowed to vary in the transformation process.

The transformation method proposed in this paper rests on a price adjustment which does not 
affect the framework of inter-temporal general equilibrium in any way. Since physical quantities 
remain unchanged in the transformation, a new equilibrium in the capital-goods market is reached 
when the current supply given by (16) is equal to the corresponding current demand, given by the 
aggregate capital advanced to acquire the means of production that are to be used up in the sub-
sequent period of production evaluated at prices of production, mc

t Ct; hence,

P m C m C m V r m C1
t

c
t t

c
t 1

1
t 1

v
t 1

1
t 1 t

c
t t or      = +( ) +( ) =− − − − 1

 (18)

In this equilibrium equation, mc
t-1 indexes the variation in price of the material input used up in 

the current period of production, while mc
t indexes the variation in price of department I’s output, 

which enters only as material input of all departments in the subsequent period of production. In 
effect, since under equilibrium D1

t = Ct, then mc
t = (P1

t/D1
t) and forcibly mc

t-1 = (P1
t-1/D1

t-1); how-
ever, these two indices can differ over time in the course of reproduction, as shown below by way 
of example.

Under equilibrium in the market of means of consumption, the supply given by (17) must be 
equal to the corresponding demand, given by the workers’ total income plus the part of the capi-
talists’ income which is intended for consumption, mv

tVt + (1–βt) Gt; hence,

P m V G2
t

v
t t t t 1 or= + ( )−β

m C m V r m V m Cvc
t 1

2
t 1 t 1

2
t 1 t

v
t t t

c
t 1 t 1  1   1   − − − − − −+( ) +( ) = + ( ) +−β mm V rv

t 1 t 1 t− −( )
 (19a)

Here βt represents the average rate of investment, and Gt ≡ G1
t + G2

t is the aggregate average profit, 
calculated by applying the general rate of profit over aggregate advanced capital, Gt = (mc

t-1Ct-1 + 
mv

t-1Vt-1) rt. The workers’ current demand for consumption, on the other hand, is given by their 
aggregate (pre-paid) nominal wages, mv

tVt, which may eventually involve the accumulation of 
variable capital and the subsequent expansion of the employment level. Plugging equation (18) 
in (19a), and after minor manipulations and rearrangements, we obtain

β − −t
c

t 1 t 1
v

t 1 t 1 t
c

t t
c

t 1 t 1
v

t t
v

t    m C m V r m C m C m V m− − − − − − −+( ) = ( ) + 11 t 1V −( )
 (19b)

Aggregate investment, in the left-hand side of (19b), must be equal in any period to the sum of 
accumulated constant capital and accumulated variable capital, in the right-hand side of (19b). 
General equilibrium is thus satisfied if and only if equations (18) and (19a)—or, equivalently, 
equations (18) and (19b)—simultaneously hold. On this basis, sectoral rates of investment (β1

t 
and β2

t) can be incorporated into the model as follows,
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β −1
t

c
t 1

1
t 1

v
t 1

1
t 1 t

c
t

1
t

c
t 1

1
t 1

v
t

1    m C m V r m C m C m V− − − − − −+( ) = ( ) + tt
v

t 1
1

t 1−m V− −( )
 (20)

β −2
t

c
t 1

2
t 1

v
t 1

2
t 1 t

c
t

2
t

c
t 1

2
t 1

v
t

2    m C m V r m C m C m V− − − − − −+( ) = ( ) + tt
v

t 1
2

t 1−m V− −( )
 (21)

Here β1
t and β2

t measure only the relative size of capital accumulation made by the capitalists as 
a whole within each department, because the surplus-value generated and saved in a given indus-
try can now be freely invested in any other industry, in such a way as to ensure that every investor 
merely obtains the average profit. It follows from this rule that sectoral saving rates will differ in 
general from sectoral rates of investment (cf. Harris 1972: 513ff).

3.2. Marx’s laws of compensation

The system of equations (16) to (21) now entails eight unknowns or current variables (P1
t, P2

t, 
mc

t, mv
t, rt, βt, β1

t, and β2
t), whereas there are only six equations. It is therefore necessary to incor-

porate two additional independent equations to complete the system of prices of production. 
Since a pure price adjustment does not change the physical quantities actually involved in the 
scheme,7 a direct way to provide such equations is simply to impose the two famous “invariance 
postulates” or, as Marx called them “laws of compensation.” First, the sum of sectoral prices 
must be equal to the sum of sectoral values

P P D D1
t

2
t

1
t

2
t or+ = +

m C m V r C V rac
t 1 t 1

v
t 1 t 1 t t 1 t 1 t  1     1− − − − − −+( ) +( ) = +( ) +( )

 (22a)

And second, the sum of sectoral (average) profits must be equal to the sum of sectoral 
surplus-value,

G G S S m C m V r C V ra1
t

2
t

1
t

2
t

c
t 1 t 1

v
t 1 t 1 t t 1 t 1 tor   + = + +( ) = +( )− − − − − −

 (23a)

The first law of compensation ensures that the price level remains unchanged in the transforma-
tion, which is coherent with Marx’s key assumptions about the money-commodity account (cf. 
Marx 1992: 400-401). The second law of compensation obliges aggregate surplus-value to 
remain unchanged in the transformation. It should be noted that equations (22a) and (23a) are 
satisfied if and only if the following two equations simultaneously hold,

m C m V C Vc
t t

v
t t t t   +( ) = +( )

 (22b)

r ra
t t=  (23b)

7Although Marx assumes that products exchange at their values in the analysis of the scheme of reproduc-
tion, he stresses that “in as much as prices diverge from values, this circumstance cannot exert any influence 
on the movement of the social capital. The same mass of products is exchanged afterwards as before, even 
though the value relationships in which the individual capitalists are involved are no longer proportionate 
to their respective advances and to the quantities of surplus-value produced by each of them” (Marx 1992: 
469).
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The assumption that aggregate total capital remains unchanged in the transformation, given by 
equation (22b), is coherent with Marx’s contention that the “movement” of social capital is unaf-
fected by the formation of prices of production. Since the rate of profit, on the other hand, is 
given exogenously by equation (23b), it cannot be an “equilibrium” rate of profit, because it does 
not depend on equilibrium equations (18) and (19a). Taken together, equations (22b) and (23b) 
enable Say’s law to hold in the economy as a whole; that is βt = αt. Note that equations (22b) and 
(23b) are not additional “invariance postulates,” since they are mere corollaries of equations 
(22a) and (23a).

Given that there are eight unknowns and eight independent equations in the system-of- 
production-prices (hereafter SPP), given by equations (16) to (23), this system can be solved 
recursively by beginning from the solution of the system-of-actual-values (hereafter SAV), given 
by equations (1) to (15), and from the known initial values of the indices of cost-price deviation. 
It should be noted that the SPP solution does not alter the path of capital accumulation and eco-
nomic growth given by the SAV solution, as shown in the following section.

4. Some Numerical Examples

It is possible to evaluate the system of equations (1) to (15), or SAV, at the initial dataset used by 
Marx in his first numerical example in chapter 21 of volume II of Capital, that is, C1

0 = 4000, V1
0 = 

1000, C2
0 = 1500, V2

0 = 750, and e = 1, a1 = 1, a2 = 1, and α1 = 0.5. The numerical results, for the 
first three years of the series only, derived from the SAV recursive solution, are summarized in 
Table 1, which exactly replicates the results originally obtained by Marx.

For the reader interested in Marx’s own comments on this example (cf. Marx 1992: 586-589), 
it must be borne in mind that he sometimes breaks down the process of capital accumulation into 
intermediate steps.8 Note that the capitalists’ saving schedule does not appear to follow any 
explicit rule here, while the saving rate of department II suffers a strongly asymmetric response 
to capital growth in year 2. Several commentators have complained about this apparent anomaly 
(cf. Robinson 1984: 19; Morishima 1977: 118-122). However, sectoral saving rates in Marx’s 
model indeed do satisfy an equilibrium condition, given by

α α π π2
t

1
t

2
t 1

1
t 1  1  1  / /( ) = +( ) +( )− −

See Harris (1972: equation (16), p. 512). Note that from t=2 onwards in Marx’s example α1
t is 

approximately 1.67 times α2
t, which is due to the given distribution of the departments’ organic 

compositions, (1+π2
t-1)/(1+π1

t-1) = 3/5 (see Harris 1972: footnote 16, p. 512). It is worth noting 
that the above rule is not satisfied in the first period of this example due to Marx’s own selection 
of department I’s saving rate. However, it would be perfectly possible to maintain the structure 
of saving rates unchanged from the outset by imposing Harris’s rule to the first period, or equiva-
lently by choosing α1 = 0.45 instead of α1 = 0.5.

In order to simplify the subsequent exposition, a second example has been prepared that 
allows Harris’s rule to hold in the first period as well. In this case, we start from a dataset used by 
Bortkiewicz (1984: Table 1, p. 204), namely, C1

0 = 225, V1
0 = 90, C2

0 = 150, V2
0 = 210. In order 

8For instance, in year 2 the accumulation of constant and variable capital in department II is decomposed 
as follows: first, “if we initially leave aside the money here… then a further 25v must be laid out for 50c”; 
and second, since “means of consumption to the value of 110 are consumed by the workers in department 
I instead of by the capitalists of department II,” the latter are “forced to capitalize this 110s instead of con-
suming it…. But if department II transforms this 110 into additional constant capital, it needs a further addi-
tional variable capital of 55” (Marx 1992: 587-588). Note that by taking Marx’s steps together, the figures 
of Table 1 are easily obtained, that is gc2

2 C2
1 = 50c + 110c = 160, and gv2

2 V2
1 = 25v + 55v = 80.
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to deal with balanced expanded reproduction, we select e = 1, a1 = 1, a2 = 1, and α1 = 0.28. Table 1 
also summarizes the SAV solution of Bortkiewicz’s example for years 1, 2, and 15.

The main result of this second example deals with an annual growth rate of 8 percent for capi-
tal, labor, and output, in each department and in the economy as a whole. It must be borne in mind 
that this rate also measures the real growth of the system; in fact, SAV’s dynamic behavior can 
be seen as the real counterpart of SPP’s dynamic behavior, since unitary values (actual values per 
unit of output) are supposed to remain unchanged over time under the assumption of constant 
organic composition.

At this point, all that is needed to evaluate the system of equations (16) to (23), or SPP, by 
beginning from Bortkiewicz’s example in Table 1, is to set the initial values of the indices of cost-
price deviation, mc

0 and mv
0, under the sole condition that equation (22b) must be also satisfied 

in period 0. A first, natural choice is that proposed by Marx; namely, mc
0 = 1 and mv

0 = 1, which 
imposes no deviation in cost-prices for the first period (partially transformed cost-prices). A 
second, crucial choice is to set mc

0 = 1.206 and mv
0 = 0.742, which brings about full deviation in 

cost-prices from the first period (fully transformed cost-prices). The main figures of the SPP 
solution for years 1, 2, and 15 are summarized in Table 2.

By comparing any year of the series in Table 1 (Bortkiewicz’s example) and in Table 2, the 
typical figures of Marx’s original solution are attained: the redistribution of surplus-value 
between industries causes the price of department I’s output to be higher than its value, and the 
price of department II’s output to be lower than its value. This behavior arises due to the fact that 
the organic composition of capital in department I is greater than that of department II.

In year 1 (partially transformed cost-prices in Table 2), the constant capital necessary to main-
tain the scale of production unchanged is revaluated from C0 = 375 to mc

1C0 = 421.3 due to the 
increase in price of capital-goods, mc

1 = P1
1/D1

1 = 455/405 = 1.123; an amount of money capital 
of 46.3 must therefore be tied up in department I for this purpose. This “tying-up” of capital is 
financed by the “release” of an equivalent portion of the formerly advanced variable capital, 
which has been devaluated from V0 = 300 to mv

1V0 = 253.7 due to the reduction in nominal 
wages, mv

1 = 0.846. On the other hand, the actual accumulation of constant capital evaluated at 
current prices of production is (C1 – C0) mc

1 = 33.7, and that of variable capital is (V1 – V0) mv
1 = 

20.3; as a consequence, aggregate (net) investment amounts to β1G1 = 33.7 + 20.3 = 54. The 
twofold process of actual accumulation and the “tying-up” and “release” of capital explains that 
net investment for capital-goods amounts to (C1 – C0)mc

1 + C0(mc
1–1) = 33.7 + 46.3 = 80, and to 

(V1 – V0)mv
1 + V0(mv

1–1) = 20.3 – 46.3 = –26 for labor-power. The decrease in price experienced 
by department II’s output, P2

1/D2
1 = 520/570 = 0.912, is thus consistent with the reduction of the 

demand for consumption by the workers, mv
1V 1 – V1 = 274 – 324 = –50, since the capitalists’ 

demand for consumption remains unchanged; that is, G1 (1–β1) = 246 = S1 (1–α1).9

9The monetary mechanism of “tying-up” and “release” of capital was extensively documented by Marx in 
chapter 6 of volume III of Capital: “By the tying-up of capital we mean that, out of the total value of the 
product, a certain additional proportion must be transformed back into the elements of constant or variable 
capital, if production is to continue on its old scale. By the release of capital we mean that a part of the 
product’s total value which previously had to be transformed back into either constant or variable capital 
becomes superfluous for the continuation of production on the old scale and is now available for other pur-
poses” (Marx 1991: 205). In fact, if wages fall, then there is a “release” of capital: “For capital that is newly 
invested, this has simply the effect of enabling it to function at an increased rate of surplus-value. The same 
quantity of labour is set in motion with less money than before, and in this way the unpaid portion of labour 
is increased at the cost of the paid portion. But for capital that was already invested earlier, not only does the 
rate of surplus-value increase, but on top of this a portion of the capital previously laid out on wages is set 
free. This was formerly tied up and formed a portion constantly deducted from the proceeds of production, 
a portion which was laid out on wages and had to function as variable capital if the business was to proceed 
on the old scale. This portion now becomes available and can be used for new capital investment, whether 
to extend the same business or to function in another sphere of production” (ibid.: 210).
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In year 2 (partially transformed cost-prices in Table 2), the process of revaluation and devalu-
ation of capital is repeated. The constant capital necessary to maintain the scale of production 
unchanged is revaluated from mc

1C1 = 455 to mc
2C1 = 475 due to the increase in price of capital-

goods, mc
2/mc

1 = 1.173/1.123 = 1.044; therefore, an amount of money-capital of 20 must be tied 
up in department I. This “tying-up” of capital is financed by the “release” of an equivalent por-
tion of the formerly advanced variable capital, which is devaluated accordingly from mv

1V1 = 274 
to mv

2V1 = 254 due to the reduction in nominal wages, mv
2/mv

1 = 0.784/0.846 = 0.927. On the 
other hand, the accumulation of constant capital evaluated at current prices of production is (C2 
–C1) mc

2 = 38, and that of variable capital is (V2 – V1) mv
2 = 20.3; as a result, aggregate net invest-

ment amounts to β2G2 = 38 + 20.3 = 58.3. This result is consistent with the fact that net invest-
ment for capital-goods amounts to (C2 – C1) mc

2 + C1 (mc
2 – mc

1) = 38 + 20 = 58, while net 
investment in labor-power amounts to (V2 – V1) mv

2 + V1 (mv
2 – mv

1) = 20.3 – 20 = 0.3. Observe 
that aggregate net investment, β2G2 = 58 + 0.3 = 58.3, is distributed accordingly between the two 
departments; that is, β1

2G1
2 = (C1

2mc
2 – C1

1mc
1) + (V1

2 mv
2 – V1

1mv
1) = 34.8 + 0.1 = 34.9 for 

department I, and β2
2G2

2 = (C2
2mc

2 – C2
1mc

1) + (V2
2mv

2 – V2
1mv

1) = 23.2 + 0.2 = 23.4 for depart-
ment II. The mechanism of “tying-up” and “release” of capital ceases to operate in year 15, where 
price-value deviations also stop changing.

Moreover, changes in the prices of capital-goods and labor-power also lead to changes in the 
“value” (or nominal) composition of capital, given at any period by (mc

t/mv
t) πj

t for the jth depart-
ment. These changes become smaller over time, however, and virtually disappear in year 15, 
since the proportionality factor converges at (mc

15/mv
15) = 1.6. Given that from this year onwards 

there is no variation in relative prices, then the figures of year 15 become in fact those of fully 
transformed cost-prices.

Note that sectoral investment rates tend to converge towards the average rate of investment in 
the SPP model. In fact, the equilibrium condition for the distribution of net investment between 
departments when commodities are exchanged at their full prices of production is given by

β β1
t

2
t =

See Harris (1972: equation (16a), p. 517). However, the SPP recursive solution does not require this 
condition to hold when cost-prices are only partially transformed, due to the activation of the afore-
mentioned mechanism of the “tying-up” and “release” of capital. Nevertheless, all that is needed to 
obtain full prices of production from the outset in the SPP model is to impose Harris’s rule above 
or, what amounts to the same, to re-direct the SPP solution by setting the initial values of cost-price 
indices to their convergent values of year 15, that is mc

0 = 1.206 and mv
0 = 0.742, which leads us to 

the results reported in Table 2 (fully transformed cost-prices). In this case, the mechanism of the 
“tying-up” and “release” of capital is completely de-activated, and the growth path given by the 
SPP solution is then exactly the same as that given by the SAV solution. In fact, even by starting 
from arbitrary initial conditions, the SPP solution is convergent with the same set of full prices of 
production and, therefore, with the same dynamic behavior as that of the SAV solution.10

10In such a situation, the system indeed reaches balanced expanded reproduction. As Donald Harris (1972: 
517) points out: “For growth to be balanced, it is then only necessary that the capitalists reinvest the same 
proportion of their profits. This is what (16a) says. The difference between the two conditions reflects the 
fact that one group of capitalists gains at the expense of the other due to the role of prices and competition.” 
In this way, the full equilibrium solution derived by Professor Harris on the basis of his pioneering restate-
ment of Marx’s scheme of accumulation can be seen as the convergent equilibrium solution of the SAV-SPP 
model. On the other hand, the eventual formation of full prices of production has nothing to do with the 
fact that prices of production can be interpreted, in any period, as “centers of gravity” of observed market 
prices. This is nonetheless a question that lies clearly outside the scope of this paper, which is confined to 
conditions of competitive equilibrium.
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Observe that the SPP full equilibrium solution yields, in any period, an increase in price of 
department I’s output of (P1

t/D1
t) = 1.206, a decrease in price of department II’s output of (P2

t/D2
t) = 

0.853, and a decrease in price of labor-power of mv
t = 0.742. Since the reduction in price of con-

sumer goods (14.7 percent) is smaller than the reduction in nominal wage rate (25.8 percent), 
then the real wage rate suffers a decrease, which means that the transformation process entails 
real changes in income distribution between capitalists and workers. For example, when com-
modities are evaluated at their actual values, the workers are able to buy (V0 + gv1

1V0)/D2
1 = (300 

+ 24)/570 = 56.8 percent of the consumer goods available (see Table 1, Bortkiewicz’s example, 
year 1), but they can only buy (V0mv

1 + gv1
1V0mv

1)/P2
1 = (227.7 + 17.8)/486.5 = 50.5 percent 

when these commodities are evaluated at their prices of production (see Table 2, year 1); as  
a result, the loss of purchasing power suffered by the workers amounts to 6.3 points. This  
re-distribution of income implies a higher rate of surplus-value, which alters the proportion 
between unpaid labor and paid labor given in terms of actual values.

Note that capital transfers between industries have the basic effect of changing the distribution 
of aggregate demand—including the demand for labor-power—between the different markets. In 
the example above, there is an increase in the demand for means of production and a decrease in 
the demand for consumption, which are concurrent results of the very same process. Under the 
pressure of maximizing the rate of profit, on the one hand, part of the demand previously laid out 
on wages—previously tied up within the market for labor—is set free and then redirected to the 
market of means of production; hence, the price of means of production tends to rise, while the 
price of labor-power tends to fall. On the other hand, the reduction in nominal wages translates 
into an equivalent reduction in workers’ demand for consumption, which in turn causes the price 
of means of consumption to fall, since the demand for consumption by the capitalists remains 
unchanged. Finally, this reduction in price of consumer goods determines the equilibrium level 
of real wages; in particular, if the reduction in prices does not entirely compensate the reduction 
in nominal wages, as in the example above, then real wages should also fall.

This result raises the following question: is it consistent with Marx’s theory to argue that profit 
rate equalization influences the real wage bundle? In this regard, it is worth noting first that we 
do not claim that this result is simply an expected, automatic result from Marx’s theory. Certainly, 
the textual evidence only tells us that Marx clearly identifies the mechanism discussed above of 
re-distribution of demand between the different markets—including the market for labor—and 
its main consequences. However, it must be recognized that he did not analyze the formation of 
prices of production in such terms, since his treatment of the transformation problem (vol. III) 
does not rest on the scheme of reproduction (vol. II). Nevertheless, we are convinced that the 
integration of both instances proposed in this paper is not inconsistent with Marx’s theory.

5. The Case of Simple Reproduction

At this point, it seems useful to deal with the special case of simple reproduction, which allows 
us to compare the SPP solution with some well-known solutions formerly proposed in the litera-
ture on this subject. In order to reach simple reproduction, the SAV solution is re-directed by 
setting e = 2/3, a1 = 1, a2 = 1, and α1 = 0 (Bortkiewicz’s original example). Although it is perfectly 
possible to obtain SPP’s recursive solution by starting again from mc

0 = 1 and mv
0 = 1, the analy-

sis performed in this section is confined, for reasons of space, to the case of full prices of produc-
tion, which can be directly obtained by solving the following system of simultaneous equations,

P m C m V rc v1 1 1  1= +( ) +( )  (24)

P m C m V rv2 c 2 2   1  = +( ) +( )  (25)
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m C m V r m Cc 1 v 1 c    +( ) +( ) =1
 (26)

m C m V C Vc v + = +  (27)

r e V C V= +( ) /
 (28)

This system is a special case of the SPP model under the assumption of simple reproduction, in 
which all variables involved are formally treated “as if” they were calculated “at the same time,” 
thereby avoiding any explicit indication of their temporal dimension. In this case, equations (24) 
and (25) are the simultaneous versions of equations (16) and (17), while equilibrium equations 
(18) and (19) are reduced to equation (26). Recall that equations (27) and (28), simultaneous 
counterparts of equations (22b) and (23b), respectively, are mere corollaries of Marx’s laws of 
compensation, given by

P P D D m C m V r C V e1 2 1 2 c vor      1 + = + +( ) +( ) = + +( )1
 (29)

G G S S m C m V r V e1 2 1 2 c vor   + = + +( ) =
 (30)

Given that constant capital C ≡ C1 + C2, variable capital V ≡ V1 + V2, and the rate of surplus-value 
e are treated as data, there are only five unknowns (P1, P2, mc, mv, and r) in the system of equa-
tions (24) to (28). Since r is given exogenously by (28), we are allowed to impose the rate of 
profit to the system’s equilibrium, given by (26), so as to directly obtain mc and mv from equa-
tions (26) and (27); finally, r is subsequently employed to calculate P1 and P2 through equations 
(24) and (25). The numerical results derived from both the SAV and the SPP solutions are summa-
rized in Table 3.

It must be borne in mind that the intermediate steps that connect SAV’s outcomes with SPP’s 
outcomes, which again involve the “tying-up” and “release” of money-capital and subsequent 
divergences between (zero) sectoral saving rates and (non-zero) sectoral rates of investment, 
have been omitted in Table 3.

5.1. Previous solutions of the transformation problem

Although the proponents of previous solutions of the transformation problem frequently deal 
with a three-sector model, it should be noted that these solutions are supposed to be applicable to 
any number of sectors or departments. It therefore does not seem unjustified to unfold these solu-
tions in the two-sector model analyzed in this paper. In this context, we distinguish between three 
major solutions, which can be obtained by following Bortkiewicz (1952, 1984), although it is 
always possible to obtain other solutions along the same line, that is by substituting Marx’s two 
laws of compensation with any other ad hoc pair of independent equations.

Solution 1. The strong reaction of Bortkiewicz (1952: 13-17) against equation (29), largely based 
on the contention that it does not fulfil the condition that the unit of price should be the same as 
the unit of value, leads him to identify this common unit of measurement in the sector producing 
the money-commodity (gold), which is ascribed to (the “luxury” subdivision of) department II. 
Thus Bortkiewicz substitutes equation (29) with the following equation
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P D m C m V r C V ev2 2 c 2 2 2 2  1 or   1   1  /( ) = +( ) +( ) = + +( )  (31)

Given that equations (24),  (25), and (26) are assumed by Bortkiewicz, it is necessary to provide 
a single equation to close the system. This “missing” equation is obtained by assuming constant 
real wages, an assumption that Bortkiewicz (1952: 20) attributed to Marx.11 That is,

m P D m C e V m C m V rv v v= ( ) + +( )( ) = +( ) +( ) or  1       2 2 2 2 c 2 2/ 1
 (32)

After replacing equations (27) and (28), and therefore also equations (29) and (30), with equa-
tions (31) and (32), Bortkiewicz (1984: 208 ff.) provides several (rather unnecessary) examples 
in order to show that equations (28) and (29) are “false” simply because they (obviously) do not 
hold in his own scheme of simple reproduction. By starting from the SAV solution in Table 3, the 
main figures of the non-negative solution of the system of equations (24), (25), (26), (31), and 
(32) are also summarized in Table 3 (previous solution 1). Note that this solution makes the rate 
of profit an endogenous variable of the price-of-production system, because it depends on equi-
librium equation (26), which destroys an interesting property of Marx’s own solution; namely, 
that all industries contribute to the formation of the rate of profit according to the share of their 
capitals in aggregate capital. To the contrary, equation (32) allows for the (rather odd) possibility 
that certain industries (in modern usage “non-basic” sectors) do not contribute at all to the forma-
tion of the rate of profit.

Alternatively, solution 1 can be reached by considering equations (24), (25), (26), (32), and 
the second invariance, or equation (30). This is largely the approach taken by Meek (1956), who 
suggests that aggregate surplus-value is unaffected by the transformation. However, Meek’s 
numerical example does not satisfy equation (26), which forced him to assume the restriction 
C2/V2 = C/V (ibid.: footnote 2, p. 103) in order to impose also constant nominal wages,

mv =  1  (33)

However, on restoring the equilibrium given by equation (26), it becomes clear that nominal 
wages remain constant whatever the organic composition of capital advanced in department II 
may be. This is the core argument of the solution proposed by Laibman (1973), which rests on 
the condition of “invariance of the share of wages in current labor time (not the share of wages 
in current value added); or, since by hypothesis current labor time is given and constant, invari-
ance of the total wages in value terms (variable capital)” (ibid.: 224). Here, this proposition leads 
simply to the replacement of equation (31) of Bortkiewicz’s system with the assumption of con-
stant nominal wages, given by equation (33), which leads us to the same solution.

Finally, solution 1 can also be generated by following the transformation method proposed by 
Foley (1982), Lipietz (1982), and Duménil (1983-84), which may be formalized by substituting 
equations (27) and (28) of the SPP simultaneous version with the assumption of constant nominal 
wages, given by equation (33), and with the following equation,

m V m C m V r V ev + +( ) = +( )  1c v  (34)

11As Baumol (1983: 303) points out: “I find few things as discouraging as the persistent attribution of 
positions to a writer whose works contain repeated, categorical, indeed emotional, denunciations of those 
views. Marx’s views on wages are a prime example. Both vulgar Marxists and vulgar opponents of Marx 
have propounded two associated myths: that he believed wages under capitalism are inevitably driven near 
some physical subsistence level, and that he considered this to constitute robbery of the workers and a major 
evil of capitalism.”
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In this “new solution,” aggregate value added (net output) remains unchanged in the transfor-
mation. Note that this solution does not necessarily rest on Bortkiewicz’s assumption of constant 
real wages, since equation (34) taken by itself does not preclude real changes in income distribu-
tion. However, in the context of the two-sector model analyzed here, equations (33) and (34) 
taken together lead again to equations (31) and (32) and, for this reason, the “new solution” is 
exactly the same as the “old solution.”

Solution 2. Since, according to Bortkiewicz (1952: 14), any of the available commodities can 
perfectly serve as measure of value, it is also feasible to ascribe the commodity that serves as 
money to department I instead of department II. In such a case, equation (31) in Bortkiewicz’s 
system should be replaced by

P D m C m V r C V ev1 1 c 1 1 1 1  1 or   1   1  /( ) = +( ) +( ) = + +( )  (35)

When the system formed by equations (24), (25), (26), (32), and (35) is solved by beginning from 
the SAV solution, it yields the outcomes reported in Table 3 (previous solution 2). The reduction 
in nominal wage rate imposed by this solution, mv = 0.804, is accompanied by a reduction in price 
of department II’s output of exactly the same size, (P2/D2) = 0.804, thereby rendering the work-
ers’ purchasing power unchanged. Hence, this mechanism of price assignation is nothing but a 
special version of the ancient “iron law of wages,” a proposition strongly criticized by Marx.12

Solution 3. Note that “if we were to choose the price unit in such a way that total price and total 
value are equal” (Bortkiewicz 1984: 202), we should have to set nonetheless equation (29) 
instead of equation (31). The result is the system of equations (24), (25), (26), (29), and (32), 
whose non-negative solution, by starting again from the SAV solution, is summarized in Table 3 
(previous solution 3). This solution was first analyzed by Winternitz (1948) and May (1948). 
Although all prices are now allowed to vary, the rate of profit also depends here on the equilib-
rium condition, or equation (26).

All previous solutions reported in Table 3, on the other hand, can easily be “iterated” by re-
introducing the temporal dimension of involved variables into their corresponding system of equa-
tions. However, all these iterative solutions preclude Marx’s laws of compensation from holding 
at the same time due to the prevailing assumption of constant real wages, or equation (32). For 
example, Anwar Shaikh provides a numerical illustration of the iterative method in the context of 
solution 3 by assuming that “since the price of labor-power is determined by the price of its means 
of subsistence, the aggregate cost-price… is in effect the total price of means of production and 
means of subsistence” (Shaikh 1977: 125). This restrictive assumption also holds in the closely 
related work by Kliman and McGlone (1988), although the method of transformation proposed by 
these authors fails to yield a stationary equilibrium solution (see Laibman 2000: 323).

12“But this prejudice was first established as a dogma by the arch-philistine, Jeremy Bentham, that soberly 
pedantic and heavy-footed oracle of the ‘common sense’ of the nineteenth-century bourgeoisie…. This 
dogma… was used by Bentham himself, as well as by Malthus, James Mill, MacCulloch, etc., for apolo-
getic purposes, and in particular so as to represent one part of capital, namely variable capital, or that part 
convertible into labour-power, as being of fixed size. Variable capital in its material existence, i.e. the mass 
of the means of subsistence it represents for the worker, or the so called labour fund, was turned by this 
fable into a separate part of social wealth, confined by natural chains and unable to cross the boundary to 
the other parts. To set in motion the part of the social wealth which is to function as social capital, or, to 
express it in a material form, as means of production, a definite mass of living labour is required. This mass 
is given by technology. But the number of workers required to put this mass of labour-power in a fluid state 
is not given, for it changes with the degree of exploitation of the individual labour-power. Nor is the price of 
this labour-power given, but only its minimum limit, which is moreover very elastic” (Marx 1976: 758-60).
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Finally, it is important to stress that all previous solutions reported in Table 3 are proportional 
since they arise from the very same solution in terms of relative prices, as Samuelson (1970: 424-
25, 1971: 425) so sharply demonstrates; in this case, “how one scales or normalizes... these 
numbers is an unessential issue even though it has given rise to some acrimonious and sterile 
debate among scholars.” In contrast, the SPP solution cannot be generated by scaling Samuelson’s 
formulae, precisely because such a solution does not rest on the assumption of constant (nominal 
and/or real) wage rates.

6. Some Concluding Remarks

In this paper, strong textual evidence, mostly reported in Table 1, has been provided which sup-
ports the view that the quantitative analysis of expanded reproduction, developed by Marx in 
chapter 21 of volume II of Capital, should be accurately represented by an identifiable system of 
finite-difference equations. On the basis of the inter-temporal equilibrium framework underlying 
this system, we have subsequently formalized the problem of transforming values into produc-
tion prices by following the method outlined by Marx in chapter 9 of volume III of Capital. The 
numerical results derived from this formalization, reported in Table 2, suggest that Marx’s own 
solution can be interpreted as the natural starting point of a chain of transformations along which 
successive transfers of surplus-value over time lead to the eventual formation of full prices of 
production. On this basis, the system of prices of production exhibits exactly the same path of 
capital accumulation and economic growth as the system of actual values, which leads us to 
conclude that, whatever the size of price-value deviations may be, values are indeed the domi-
nant determinants of prices in the context of Marx’s scheme of accumulation.

Throughout the discussion made in this paper the argument has been confined to conditions of 
competitive equilibrium, but an equilibrium only in the sense that the ceaseless deviations 
between supply and demand average out so as to be able to focus on more fundamental relations. 
As Marx (1991: 291) recalls, “the real inner laws of capitalist production clearly cannot be 
explained in terms of the interaction of supply and demand […] since these laws are realized in 
their pure form only when demand and supply cease to operate, i.e. when they coincide.” In other 
words, the important thing is not equilibrium itself, but rather the role that equilibrium plays in 
the grounding of the laws of motion of the capitalist system. In this regard, the law of the equal-
ization of profit rates analyzed in this paper does not depend whatsoever on prevailing equilib-
rium conditions, as we have seen, because the formation of a general rate of profit depends only 
on the same factors that determine the average rate of profit; to the contrary, equilibrium only can 
eventually take place in this system on the basis of a given rate of profit.

A basic result of the analysis developed in this paper is that a consistent solution of the trans-
formation problem on the basis of Marx’s laws of compensation requires the abandonment of the 
assumption of constant wage rates as a way to constrain the formation of commodity prices. As 
Marx claims in Value, Wage and Profits against similar arguments by one John Weston and his 
comrades: “reduced to their simplest theoretical expression, all our friend’s arguments resolve 
themselves into this one dogma: The prices of commodities are determined or regulated by wages” 
(Marx 2000: 12). This is precisely the nature of Bortkiewicz’s dogma, as we have shown by way 
of example in Table 3. Not surprisingly, once the (otherwise untenable) doctrine of “subsistence 
wages” is removed, and Marx’s compensation laws are subsequently restored on the basis of vol-
ume II of Capital, then the legendary “great contradiction” between values of volume I and prices 
of volume III, first proclaimed by Eugen von Böhm-Bawerk (1984), simply vanishes.

Of course, it would be possible to consider Marx’s scheme of reproduction from the point of 
view of the answer it provides to other relevant questions, such as fixed capital, technical change, 
distribution of income, public expenditure and taxes, credit-money and banking system, interna-
tional exchange, unbalanced growth and unemployment, and economic cycles and crises. 
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However, each of these topics probably merits singular treatment, which is beyond the scope of 
this paper.
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